
Tides, and a little about  the 
energetics of ocean turbulence

Les Houches 2017
WRY, Lecture 1



LLC4320 sea surface speed animation by C. Henze and D. Menemenlis (NASA)

1/48 degree, 90 vertical levels, MITgcm  spun up from ECCO v4 state estimate. 

Motion in the ocean — sea-surface speed



What are the main 
sources of ocean kinetic 
energy, turbulence and 

mixing?

We just saw the big two 
sources in the movie.



Wind stress — 
mechanical forcing at 

the sea surface.

Nonuniform heating and cooling at the 
sea surface — Horizontal Convection.

Geothermal heating at the ocean floor.

Tides — extraction 
of energy from the 
spin of the Earth.

Bioturbation — fish wakes etc.
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Figure 5 Strawman energy budget for the global ocean circulation, with uncertainties of
at least factors of 2 and possibly as large as 10. Top row of boxes represent possible energy
sources. Shaded boxes are the principal energy reservoirs in the ocean, with crude energy
values given [in exajoules (EJ) 1018 J, and yottajoules (YJ) 1024 J]. Fluxes to and from the
reservoirs are in terrawatts (TWs). Tidal input (see Munk & Wunsch 1998) of 3.5 TW is
the only accurate number here. Total wind work is in the middle of the range estimated by
Lueck & Reid (1984); net wind work on the general circulation is from Wunsch (1998).
Heating/cooling/evaporation/precipitation values are all taken from Huang & Wang (2003).
Value for surface waves and turbulence is for surface waves alone, as estimated by Lefevre
& Cotton (2001). The internal wave energy estimate is by Munk (1981); the internal tide
energy estimate is from Kantha & Tierney (1997); the Wunsch (1975) estimate is four times
larger. Oort et al. (1994) estimated the energy of the general circulation. Energy of the
mesoscale is from the Zang &Wunsch (2001) spectrum (X. Zang, personal communication,
2002). Ellipse indicates the conceivable importance of a loss of balance in the geostrophic
mesoscale, resulting in internal waves and mixing, but of unknown importance. Dashed-dot
lines indicate energy returned to the general circulation by mixing, and are first multiplied
by 0. Open-ocean mixing by internal waves includes the upper ocean.

such kinetic energy exist, the wind stress and tidal flows. The tides can account
for approximately 1 TW, at most. The wind field provides approximately 1 TW—
directly—to the large-scale circulation and probably at least another 0.5 TW by
generating inertial waves and the internal wave continuum.
Taken together, Sandström’s (1908, 1916) and Paparella & Young’s (2002)

theorems, the very small, probably negative, contribution to oceanic potential
energy by buoyancy exchanges with the atmosphere, and the ready availability of
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“All numbers, except 
3.5TW, are uncertain 
by at least a factor of 

2, and maybe 10.”
(But some numbers 

are zero!)

ExaJoules (EJ) = 1018J
YottaJoules (YJ) = 1024J

A quantitative estimate

A large part of today’s 
lecture is about tides 

and the 3.5TW.

No fishy forcing 
shown.

Fluxes are in TerraWatts 
(TW) = 1012W

Note the unimportance 
of  convection as an 

ocean energy source.
(Lecture 2)

Raff will be talking about this



Putting 1TW into perspective

BP Statistical Review of World Energy

1.14TW

According to the IEA, human  energy 
consumption  in 2013 was 18TW. A 

nuclear power station is about 10-3TW.

Solar radiation is 175,000TW and the 
ocean transports about 2000TW from 
equator-to-pole. Geothermal heat flux 

from the Earth’s interior is 31TW.
(Exercise: why do W&F show 0.05TW?)

1TW is tiny by geophysical standards. 
But physical oceanographers insist that 
fluxes of this magnitude are important 

for ocean circulation.   

A ballpark number for observed turbulent 
energy dissipation in most of the ocean: 

You should remember this number….

2TW

mass of the ocean = 1.4 ˆ 1021kg
“ 1.4 ˆ 10´9Watts kg´1 (5)

εocean “ 10´9W kg´1 (6)

“ a hairdryer in 1km3 of seawater (7)
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Viscous dissipation, ε, is 
directly measured

O
ak

ey
 (

19
82

)
M

oum
 et al. (1995)

1 The Kolmogorov scale

ℓK “

ˆ

ν3

ε

˙1{4

„ 1cm

1

From next 
lecture:



Today’s lecture is about the well know 
number: 3.5 TW of tidal energy input.

How is this small number so well 
known?

Because another small number is very 
well know.
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Figure 5 Strawman energy budget for the global ocean circulation, with uncertainties of
at least factors of 2 and possibly as large as 10. Top row of boxes represent possible energy
sources. Shaded boxes are the principal energy reservoirs in the ocean, with crude energy
values given [in exajoules (EJ) 1018 J, and yottajoules (YJ) 1024 J]. Fluxes to and from the
reservoirs are in terrawatts (TWs). Tidal input (see Munk & Wunsch 1998) of 3.5 TW is
the only accurate number here. Total wind work is in the middle of the range estimated by
Lueck & Reid (1984); net wind work on the general circulation is from Wunsch (1998).
Heating/cooling/evaporation/precipitation values are all taken from Huang & Wang (2003).
Value for surface waves and turbulence is for surface waves alone, as estimated by Lefevre
& Cotton (2001). The internal wave energy estimate is by Munk (1981); the internal tide
energy estimate is from Kantha & Tierney (1997); the Wunsch (1975) estimate is four times
larger. Oort et al. (1994) estimated the energy of the general circulation. Energy of the
mesoscale is from the Zang &Wunsch (2001) spectrum (X. Zang, personal communication,
2002). Ellipse indicates the conceivable importance of a loss of balance in the geostrophic
mesoscale, resulting in internal waves and mixing, but of unknown importance. Dashed-dot
lines indicate energy returned to the general circulation by mixing, and are first multiplied
by 0. Open-ocean mixing by internal waves includes the upper ocean.

such kinetic energy exist, the wind stress and tidal flows. The tides can account
for approximately 1 TW, at most. The wind field provides approximately 1 TW—
directly—to the large-scale circulation and probably at least another 0.5 TW by
generating inertial waves and the internal wave continuum.
Taken together, Sandström’s (1908, 1916) and Paparella & Young’s (2002)

theorems, the very small, probably negative, contribution to oceanic potential
energy by buoyancy exchanges with the atmosphere, and the ready availability of
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The moon is spiraling away from 
the Earth at 3.82±0.07cm/year. 

Lunar  laser ranging: lunar recession

LLR experiment left by  
Apollo 11 in 1969.

 G
SFC

  im
age

Dickey et al. (1994)

1 in 1017 
photons are 

received back 
on Earth.

 ~~f -- -=e w r x- ~~~~x -

 tt

 ~~~~~~~~~~~~~~~0 _A

 _9a ~~~~~~-
 Fig. 1. (A) Photograph of a retroreflector array
 of Apollo 14 on the lunar surface. (B) Geo-
 graphical distribution of the retroreflector arrays
 on the lunar surface. The labels All A-1 4 and -4

 A 15 denote the Apollo 11, 14, and 15 sites, , i7i
 respectively, whereas L-1 and L-2 indicate the
 Lunakhod l and 2 locations (no returns are
 available from Lunakhod 1).

 transmit per second, contains 1019 photons,
 single-photon detection is a necessity.

 At present, there are only a few LLR
 stations operating, and only one of these is
 fully dedicated to lunar ranging. The other
 stations are shared lunar and artificial-sat-
 ellite ranging facilities. At the time of the
 Apollo 11 landing, laser ranging was initiat-
 ed at McDonald Observatory near Fort Da-
 vis, Texas, where lunar ranging (shared with
 artificial-satellite ranging) continues. Pre-
 liminary ranging also took place at the Lick
 Observatory in California where the first
 returns from the moon were detected (9).

 During the first 15 years after the em-
 placement of the initial retroreflector pack-
 age on the lunar surface, the McDonald
 Observatory was the only facility that rou-
 tinely ranged to the moon. In the late 1960s,
 the new 2.7-m telescope had just become
 operational at McDonald, and a commit-
 ment to use this instrument in a long-term
 program of LLR was made. Time-sharing

 with the observatory's regular astronomical
 program, McDonald laser operations main-
 tained routine activities for more than 15
 years. There were nominally three 45-min
 observing sessions per day, when the moon
 was 3 hours east of, on, and 3 hours west of
 the meridian, some 21 days per lunation
 (1 U) . The data can naturally be divided into
 three time spans, on the basis of their accu-
 racies (Fig. 2). The early 1970s saw LLR
 data accuracies at the 25-cm level. Improve-
 ments in the 2.7-m LLR timing system
 reduced measurement to the 15-cm level by
 the mid-1970s. When the transition was

 30 -

 24-

 |6- 0

 1970 1975 1980 1985 1990
 Year

 Fig. 2. Histogram of the weighted root-mean-
 square (rms) post-fit residual (observed minus
 model) as a function of time.

 made in the mid-1980s to the McDonald
 Laser Ranging System (MLRS) LLR system,
 accuracies were further improved to the 2- to
 3-cm level. Despite this order-of-magnitude
 improvement in accuracy, the early data are
 still important in the separation of effects
 with long characteristic time scales, notably
 precession, nutation, relativistic geodetic
 precession, tidal acceleration, the primary
 lunar oblateness term (J2), and the relative
 orientation of the planes of the Earth's equa-
 tor, the lunar orbit, and the ecliptic.

 The 2.7-m McDonald laser ranging system
 was decommissioned in 1985 and was super-
 seded by a dedicated 0.76-m ranging system,
 the MLRS, capable of ranging to artificial
 satellites as well as to the moon (11). The
 present incamation of the MLRS is construct-
 ed around a frequency-doubled, 120-mJ per
 pulse, 200-ps pulse length (full width at half
 maximum), neodymium-yttrium-aluminum-
 gamet (Nd-YAG) laser firing 10 times per
 second. It has an intemal calibration system,
 and the precision of its epoch timing system is
 approximately 25 ps. This station now pro-
 duces LLR data approaching 1-cm nornal-
 point precision (11). However, the accuracy
 is still limited to 2 to 3 cm. In spite of its
 reduced aperture, which results in fewer data
 than the 2.7-m telescope could have pro-
 duced, the shorter laser pulse length has led to
 a fourfold improvement in the accuracy of the
 MLRS ranges, providing stronger data than
 those from the 2.7-m system despite the re-
 duced volume. A number of strategies are
 being pursued to produce significantly higher
 volumes of LLR data and further increases in
 accuracy, including increased station comput-
 ing, offset guiding and tracking, and improved
 timing systems.

 During the past 8 years, successful rang-
 ing has been carried out by a French station
 [Centre d'Etudes et de Recherche en Geo-
 dynamique et Astronomie (CERGA)] at
 Grasse, located at a 1220-m elevation 20 km
 north of Cannes with a 1.5-m dedicated
 LLR telescope, and, until recently, by a
 second U.S. artificial satellite and lunar
 ranging station on Maui, Hawaii. Although
 strong lunar returns were often received by
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The Moon is gaining orbital energy and the earth is 
losing  spin energy. (The LOD is increasing.) The 

gains and loses are unequal: the lost spin energy, ~ 
3.5TW, goes mainly into ocean tides. From the 

perspective of astronomy the 3.5TW is tidal friction. 
Oceanographers believe this is an important forcing 

on the ocean circulation.



Lunar presentation

W.R. Young ˚

April 22, 2017

1 Tide bulge figure

ΩC

nK

MC “ 81.3MK r “ 60.3RC ΩC “ 27.4nK (1)

mr2nK “ 4.88 IΩC
1
2
IΩ2

C “ 5.55 1
2
mpnKrq2 (2)
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Γ “
3

2
k2GM2

K

R5
C

r6
sin 2δ “ γr´6

torque

I
dΩC

dt
“ ´Γ , and

MCMK

MC ` MK
loooomoooon

m

d

dt
r2nK “ `Γ

6 Γ9 r´6

9r0 “ 3.78 cm yr´1

9r “ 3.8cm/year

˚Scripps Institution of Oceanography, University of California at San Diego, La Jolla, CA 92093–0230,
USA.

1

“Ideal” tides — no friction, and the 
equilibrium tidal bulge

The “equilibrium” 
tidal bulge

Lunar presentation

W.R. Young ˚

April 10, 2017

1 Tide bulge figure

ΩC

nK

2 Earth-Moon numbers

m1 apnowq “ 384 402km « 60RC
loooooooooooooooooomoooooooooooooooooon

semimajor axis of the orbit

, m2 « m1{81

r “ r2 ´ r2

Ωptq

RC “ 6 371km

Ωpnowq “
2π

1day

p 9a, 9n , 9Ωq ‰ 0 , while 9L “ 0

npnowq “
2π

27.323 days

1day “ 23h 56m4s

˚Scripps Institution of Oceanography, University of California at San Diego, La Jolla, CA 92093–0230,
USA.
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The gravitational potential 
due to the moon at a field 

point r near the Earth
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The “dipole” is balanced by the centripetal 
acceleration and the   residual tidal 

potential is the “quadrupole”. 
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`
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The gravitational force of the moon is largely cancelled by the acceleration 
of the Earth’s center. The residual “tidal force” varies over the extent of the 

ocean and has a depth-independent horizontal component.

The sublunar point moves 
westward across the surface 

of the earth at ~450m/s.

I
dΩC

dt
“ ´Γ (3)

m
d

dt
r2nK “ `Γ (4)

6 Γ9 r´6

1TW

mass of the ocean = 0.7 ˆ 1021kg
“ 1.4 ˆ 10´9Watts kg´1 (5)

εocean “ 10´9W kg´1 (6)

“ a hairdryer in 1km3 of seawater (7)
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2

Figure 4: The horizontal component of the tidal force is directed toward a point right under the
Moon and the image on the opposite side of the Earth. Here the Moon stands over North Africa and
the image is located north of New Zeland in the Pacific Ocean. The same force field will appear if the
Moon was located above the image point. As the Earth rotates the field will move westward.

With the Moon moving in the equatorial plane there will, for each location on the
Earth, be high water when the Moon passes the meridian and another equally high
water about 12.4 hours later when the Moon is on the opposite side of the Earth.
Hence, the expression (8) explains nicely the semi-diurnal variation of sea level. When
the Moon has a northern or southern declination there will be an asymmetry between
two consecutive high waters. Therefore equation (8) also explains the diurnal equality
i.e. the difference in sea level rise between two consecutive high water. The surface
displacement given by eq. (8) is called the equilibrium tide and in absence of continent
it is thought to follow the Moon when the Earth rotates. It corresponds to the idealized
situation where the water masses adjust instantaneous to the motion of the Moon and
the rotation of the Earth.

Table 1 Astronomical constants.

Mass of the Earth: me 5.974·1024 kg
Mass of the Sun: ms 1.991·1030 kg
Mass of the Moon: ml 7.347·1022 kg
Mean distance Earth-Moon R 3.844·10 5 km
Mean distance Earth-Sun R 1.496·10 8 km
Radius of the Earth r 6.370·10 3 km

The equilibrium tide is often used as a potential for the tide generating force. The
strength of the horizontal component of the tidal acceleration (7) and the equilibrium
tide (8) will vary with the position of the Moon and its distance from the Earth.
Maximum tidal acceleration will occur when the Moon is closest to the Earth (perigee)

8

The horizontal component of the tidal force is directed towards the 
sublunar point (in the Sahara) and its antipode (North of  New 
Zealand). As the Earth rotates the pattern moves westward.



But the ocean does not follow the 
“equlibrium tidal bulge” because

(1) Continents get in the way. 
(2) The ocean shallow-water wave speed is too slow.
(3) Friction between the ocean and the solid Earth.

The tidally distorted solid Earth + Ocean,  exerts a 
gravitational force back on the moon. Because of 

friction, this force “pulls” the moon along its orbit. This 
results in tidal torque.

I’ll simplify the presentation by approximating the 
Lunar orbit so that forthwith (1) it is circular and (2) 

lies the equatorial plane of the Earth.

Even more complications
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Lunar presentation

W.R. Young ˚

April 10, 2017

1 Tide bulge figure
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1day
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2π

27.323 days

1day “ 23h 56m4s

˚Scripps Institution of Oceanography, University of California at San Diego, La Jolla, CA 92093–0230,
USA.
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Friction: the tidal bulge of the Ocean is pulled in 
front of the Moon by the Earth’s spin. Thus there 

is a torque pulling the  moon along its orbit.

If 𝛿 ≠ 0, angular momentum is 
transferred from the Earth to the 

Moon by a torque 𝛤.

We don’t know the torque. But let’s see 
what we can deduce from mechanics and 

the observed rate of lunar recession.
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Looking at the 
equatorial-orbital plane 

from the pole star.
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Note:



The present rate of lunar recession is

Kepler’s third law

The tidal torque

The day is getting longer  at 
2.1 millisecond per century.

The moon is accelerating, and slowing down.

Note the donkey effect of  Lynden-Bell & 
Kalnajs (1972): “in azimuth stars behave 
like donkeys, slowing down when pulled 

forward and speeding up when held back”.
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Loss of energy from astronomy

More trickery with 
Kepler’s third law.

The rate of change of 
astronomical  energy is then

To check the above, 
recall that
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What happens to lost 
orbital energy?

From
 M

unk & W
unsch (1998)

Energetics of Tidal and w
ind m

ixing.

3.14TW becomes 3.7TW when 
the solar tides are included. But 
there is also some dissipation in 

the solid Earth.)



The time scale of tidal dissipation
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A ballpark estimate of 
ocean tidal kinetic energy

The implied  “renewal 
time” for tidal energy 

is a few days. Munk (1997) says 2 days.

Where and how does this 
tidal dissipation occur? 

We’ll return to this question 
at the end of the lecture. 

First an aside. 

M
unk & W

unsch (1998)



“Men will always aspire to peer into the 
remote past to the utmost of their power, and 
the fact that their success or failure cannot 
appreciably influence their life on Earth will 
never deter them from such endeavors.” — 

G. H. Darwin, The Tides

History of the lunar orbit
and the present anomalous  high dissipation

To “peer into the remote past”, we must model the variation 
of the torque 𝛤. The tidal potential of the  Moon “bulges” the  
Solid Earth + Ocean. The gravity of  the bulge then acts on 
the Moon. As a consequence, 𝛤 depends very strongly on 

the  Earth-Moon separation s.
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Solid Earth 
+ Ocean
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The response of the  Earth + 
Ocean to the lunar tidal forcing is a 
“bulge”, with its own  gravity field.

This is a  definition 
of k2 and δ.
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But the tidal bulge is 
not exactly along the 
E-M line of centersThe  Love number 
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This framework is well 
justified for solid-Earth tides. 

We apply it here to the 
ocean+solid Earth.



Caveats

This framework is well justified 
only for solid-body tides. We 

apply it to the ocean+solid Earth.

Love’s formula

There are higher multipole terms in all 
gravitational potentials  — but these 
involve larger inverse powers of s.

Drop these terms.

This linear model won’t be 
reliable if the Moon is close to 

Earth e.g., 10 Earth radii.
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At the surface 
of the  Earth

Evaluate the force, r-4,and 
the torque, exerted on the 
moon  (r=s, 𝜓=0) by the 

Earth+Ocean bulge.

NB “ Np´Hq (8)

N̄ “
1

H

ż 0

´H

Npzq dz (9)

δκ “
a

ω2 ´ f 2
π

N̄H
(10)

κn “ n δκ (11)

Order of magnitude of tidal force

F tide „
GMKRC

S3
„ 10´7g

The field point
r s s ´ r

U “ ´
GMK

|s ´ r|
(12)

« ´
GMK

s

ˆ

1 `
r

s
cosψ `

´r

s

¯2

P2pcosψq

˙

(13)

The residual part is

U2 “ ´
GMK

s3
r2P2pcosψq

U2 “ ´
GMK

s3
r2P2pcosψq ñ Ubulge “ ´k2

GMK

s3
R2

CP2 rcospψ ´ δqs (14)

δ „ 3˝

Ubulge “ ´k2
GMK

s3
R2

C3P2 rcospψ ´ δqs

ˆ

RC

r

˙3

Γ “
3k2GM2

KR
5
C

s6
sin δ cos δ

2

NB “ Np´Hq (8)

N̄ “
1

H

ż 0

´H

Npzq dz (9)

δκ “
a

ω2 ´ f 2
π

N̄H
(10)

κn “ n δκ (11)

Order of magnitude of tidal force

F tide „
GMKRC

S3
„ 10´7g

The field point
r s s ´ r

U “ ´
GMK

|s ´ r|
(12)

« ´
GMK

s

ˆ

1 `
r

s
cosψ `

´r

s

¯2

P2pcosψq

˙

(13)

The residual part is

U2 “ ´
GMK

s3
r2P2pcosψq

U2 “ ´
GMK

s3
r2P2pcosψq

r“RCñ Ubulge “ ´k2
GMK

s3
R2

CP2 rcospψ ´ δqs (14)

δ „ 3˝

Ubulge “ ´k2
GMK

s3
R2

C3P2 rcospψ ´ δqs

ˆ

RC

r

˙3

Γ “
3k2GM2

KR
5
C

s6
sin δ cos δ

r ą RC

2

NB “ Np´Hq (8)

N̄ “
1

H

ż 0

´H

Npzq dz (9)

δκ “
a

ω2 ´ f 2
π

N̄H
(10)

κn “ n δκ (11)

Order of magnitude of tidal force

F tide „
GMKRC

S3
„ 10´7g

The field point
r s s ´ r

U “ ´
GMK

|s ´ r|
(12)

« ´
GMK

s

ˆ

1 `
r

s
cosψ `

´r

s

¯2

P2pcosψq

˙

(13)

The residual part is

U2 “ ´
GMK

s3
r2P2pcosψq

U2 “ ´
GMK

s3
r2P2pcosψq

r“RCñ Ubulge “ ´k2
GMK

s3
R2

CP2 rcospψ ´ δqs (14)

δ „ 3˝

Ubulge “ ´k2
GMK

s3
R2

CP2 rcospψ ´ δqs

ˆ

RC

r

˙3

Γ “
3k2GM2

KR
5
C

s6
sin δ cos δ

r ą RC

2

Lunar presentation

W.R. Young ˚

July 21, 2017

1 Tide bulge figure

ΩC “ nK “

Variation of torque with Earth-Moon separation

Γ9s´6

ΩC “ 27.4nK

The reduced mass

m
def“

MCMK

MC ` MK

MC “ 81.3MK r “ 60.3RC ΩC “ 27.4nK (1)

mr2nK “ 4.88 IΩC
1
2
IΩ2

C “ 5.55 1
2
mpnKrq2 (2)

actually

Γ “
3

2
k2GM2

K

R5
C

r6
sin 2δ “ γr´6

cosp23˝ ˘ 5˝q “ 0.88 to 0.95 « 1.

ΩC ¨ nK « ΩCnK cosp23˝ ˘ 5˝q
loooooomoooooon

0.91˘0.04

torque torque torque torque torque torque torque torque torque torque torque torque
torque torque torque

˚Scripps Institution of Oceanography, University of California at San Diego, La Jolla, CA 92093–0230,
USA.

1

NB “ Np´Hq (8)

N̄ “
1

H

ż 0

´H

Npzq dz (9)

δκ “
a

ω2 ´ f 2
π

N̄H
(10)

κn “ n δκ (11)

Order of magnitude of tidal force

F tide „
GMKRC

S3
„ 10´7g

The field point
r s s ´ r

U “ ´
GMK

|s ´ r|
(12)

« ´
GMK

s

ˆ

1 `
r

s
cosψ `

´r

s

¯2

P2pcosψq

˙

(13)

The residual part of the lunar potential is

UK “ ´
GMK

s3
r2P2pcosψq ` ¨ ¨ ¨

U2 “ ´
GMK

s3
r2P2pcosψq

r“RC

ñ Ubulge|@RC
“ ´k2

GMK

s3
R2

CP2 rcospψ ´ δqs ` ¨ ¨ ¨

(14)

δ „ 3˝

Ubulge “ ´k2
GMK

s3
R2

CP2 rcospψ ´ δqs

ˆ

RC

r

˙3

Γ “
3k2GM2

KR
5
C

s6
sin δ cos δ

r ą RC

P2pµq “ 1
2
p3µ2 ´ 1q

2

Therefore the 
external potential of 

the bulge  is



A “business-as-usual” theory: constant 𝛿 

Most ignorance is in 𝛿. 
Assume 𝛿 is constant 
and determined by LLR.

Combine with  
Kepler’s third law:

The solution is:

The time scale of 
lunar recession.

More elaborate orbital calculations do not 
substantially alter the time scale
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The Gerstenkorn event

At ~3 Earth radii the moon would  fragment.  At 6 or 7 Earth 
radii the ground temperature would be over 1000K and the 
oceans would evaporate. But well before that happened, 
the continents would be scoured by steaming 1km high 
tidal bores following the Moon on a 7 hour polar orbit.

None of these events occurred in the last 3 billion years (or 
probably ever). There are sedimentary structures indicative 

gentle deposition by lunar tides over 3 billion years ago.

Conclusion:  present day tidal dissipation 
(i.e., the angle 𝛿) is anomalously large.

This 1.5 billion-year time 
scale for evolution of the 
lunar orbit is too short.
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Oceans have grown over geologic 
history. But the sedimentary 

record does not indicate much 
change in the last two aeons.



laminae and semidiurnal sublaminae in rhythmites could
lead to the acquisition of inaccurate paleotidal data.

3. The Reynella and Elatina rhythmites display
groups or cycles that comprise up to 16 sandy or silty
diurnal laminae that are thicker near the center of each
cycle and that are bounded by mud drapes (Figures 3
and 4). These cycles are comparable to the neap-spring
cycles that occur in modern tidal deposits [Smith et al.,
1990; Dalrymple et al., 1991; Tessier, 1993] and record the
fortnightly tidal cycle.

The above observations, together with directional pa-
leocurrent data and paleogeographic reconstruction for
the Elatina Formation [Preiss, 1987; Williams, 1991],
indicate that the Reynella and Elatina rhythmites were

deposited in distal ebb tidal settings (Figure 5) near the
margin of a marine gulf. The adjacent hinterland was a
periglacial desert blanketed by wind-blown sands and
with no perennial rivers [Williams, 1998a]. The envis-
aged setting with few fluvial or other random events
interfering with periodic tidal processes in the inlet or
estuary is especially favorable for the deposition of cyclic
tidal rhythmites.

The tidal interpretation of the Reynella and Elatina
rhythmites is reinforced by the similarity of the rhyth-
mite patterns to modern tidal records (section 2.3) and
the determination of internally self-consistent paleotidal
and paleorotational values through analysis of the rhyth-
mite data (sections 3.1 and 3.2).

Figure 5. Envisaged environment of deposition for the Elatina-Reynella cyclic tidal rhythmites, employing
a hypothetical ebb tidal delta adapted from Imperato et al. [1988]. The flood tides converge radially toward the
tidal inlet, where fine-grained sediment is entrained by ebb tidal currents and transported mainly in suspension
via the main ebb channel to deeper water offshore. There the suspended sediment settles to form neap-spring
cycles of thin, graded laminae mostly of sand and silt (shown schematically in bottom inset). Farther offshore,
the neap-spring cycles become progressively more abbreviated near positions of neap tides and eventually pass
into marine shelf mud. Where protected from wave action, the distal ebb tidal delta setting favors the
deposition and preservation of long rhythmite records. Tidal “bundle” deposits of cross-bedded sand (top
inset) are confined to proximal, nearshore tidal channels. Modified from Williams [1989c] and reproduced with
the permission of the International Union of Geological Sciences.
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One must find a river delta with strong 
tidal flow that is also sheltered from 

surface wave activity. Sediment brought 
into the delta by rivers is carried into 

deeper water by ebb tides and deposited 
as a discrete layer. Each ebb tide 
deposits a single layer about one 

centimeter thick, but thicker during Spring 
tides and thinner during Neaps.  

Compaction produces layered siltstone 
with different layer thicknesses recording 
the lunar tidal cycle. Annual cycles with 

seasons are also reflected in layer 
thickness (e.g., more sediment delivered 

during the rainy season).

Studying the layers, one determines the 
number of days in a lunar month, and the 

number of months in a year.

A fundamental assumption is that the 
duration of a year does not change i.e., 

no transfer of angular momentum 
between the  Earth and the Sun………

Sedimentary Geology for Dummies
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George E. Williams, “Earth’s Precambrian Rotation” (2000)

Periodic variations in the thickness 
laminae are a proxy for the tidal 

influence on sedimentation.

Conclusion: 620Ma ago the LOD was 
21.9±0.4h, and there were 401 days/yr.
Lunar recession was 2.17±0.31cm/yr.

2450Ma ago the LOD was ~19h and there 
were 457 days/yr.

 
These changes in LOD are much less than 
those predicted by the constant-𝛿 theory.

Reynella siltstone  from South Australia.

There are also biological proxies 
(sequential growth layers in corals).
But the sedimentary record is better. 
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(3) “ ... unless the present estimates 
for the accelerations are vastly in 
error, only a variable energy sink 
can solve the time-scale problem 
and the only energy sink that can 
vary significantly with time is the 
ocean." (Lambeck, 1980, page 288).

Why is present tidal dissipation so large?

𝛿 is not constant — it is 
significantly larger now than 

over geologic time. 

(1) It’s not large — creation is 
more recent than you think.

(2) Perhaps G is changing on 
the billion year time scale? 

Probably not…

In addition to continental drift, the 
Coriolis parameter is increasing as 

the LOD decreases.



Continental drift, by itself, is not as 
important as one might guess

The resonant frequencies of 
ocean normal modes depend on 

the geometry of continents.

But the geometry changes on the fast time 
scale of 100 Myr. On the orbital evolution 
time scale, one can average over different 
geometries. This decreases the long-term 

effect of strong, but ephemeral, resonances.

The Coriolis parameter, however, is steadily 
increasing (and the LOD decreasing) as we 

go further back in time.



264 D. J. Webb 
1966). The first part of the calculation is therefore to use the model to observe the response 
of the ocean to these forces at various tidal frequencies and rotation rates of the Earth. In 
these calculations the magnitude of the tidal forcing is held constant and chosen so that the 
rms amplitude of the equilibrium tide is 1 m. 

Some preliminary calculations with the astronomical model showed that over the history 
of the Earth, the S2 tide due to the Sun has had an angular velocity of between 1.995 and 
2.000 i2 where i2 is the angular velocity of the Earth. Similarly the M2 tide due to the Moon 
has had an angular velocity of between 1.925 and 1.935 i2. It was also found that if w,  
the angular velocity of the tides, was held constant the power dissipated in the average 
oceans varied only slowly with Q. On the basis of these results, the amount of computing 
was considerably reduced by running the tidal model at closely spaced values of w but only 
for the two cases where o was equal to 1.93 0, or 2.00 Q. In the astronomical model linear 
interpolation was then used to interpolate to other values of s2. 

The power dissipated by the tides for the case w equals 2 i2, when o lies between 0 and 
37.5 rad per present day (0-6 cycle per present day), is shown in Fig. 1. The different 
curves correspond to the angle 6 ,  between the centre of the ocean and the Earth's axis, being 
stepped by 15" increments between 0" and 90". The curves show the influence of individual 
resonances of the ocean and these are seen to  change in frequency and importance as the 
angle 6 is varied. The energy dissipated is largest near 10 rad day-', corresponding to a rota- 
tion period of the Earth of 30 hr, and drops off rapidly at higher rotation rates. 

To estimate the energy dissipated by the average ocean, the results obtained for different 
values of 6 are averaged with a weighting function of sins. This latter term represents the 
probability of the angle 6 having a particular value when averaging over al l  the possible 
orientations of the ocean and the Earth's axis. The resulting average energy dissipated for the 
two cases o equal to 1.93 i2 and o equal to 2.00 51 are shown in Fig. 2. Most of the individual 
resonances have been smoothed out and remaining is a broad peak near o equal to 10rad 
per present day with a sharp drop in the energy dissipated at higher frequencies. This drop is 
less steep above 15 rad per present day. 

The results mean that if the Earth's rotation rate is doubled, the power dissipated by the 
tides drops to about one-third of its present value. The power dissipated is proportional to 

1.0 

3 a 
v 

0.5 
8 

0 
0 10 20 30 

angular velocity (rad day-') 

Figure 1. The power dissipated in the ocean, plotted as a function of the angular velocity of the tide for 
the case where w equals 2n. The power is in petawatts (1PW = l0"w) and the angular velocity is 
measured in radians per present Earth day. The different curves are obtained with 6 ,  the angle between 
the ocean centre and the Earth's axis, taking values at intervals of 15" between 0" and 90". The tidal 
forcing used corresponds to a Y;' equilibrium tide of unit rms amplitude. Calculations were made at an 
angular velocity separation of 2n/100 rad day-'. 

The systematic increase in the Coriolis parameter results in 
ocean normal modes with smaller length scales in the deep past

Hypothesis: In the distant past, the smaller 
length scale of the modes is less well 

matched  to the planetary-scale tidal forcing. 
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Ocean tidal dissipation with 
seven different arrangements 
of a hemispherical  continent.

Angular velocity of the tides rad/day 
(currently ~4𝜋 rad/day) 

Figure 4: The horizontal component of the tidal force is directed toward a point right under the
Moon and the image on the opposite side of the Earth. Here the Moon stands over North Africa and
the image is located north of New Zeland in the Pacific Ocean. The same force field will appear if the
Moon was located above the image point. As the Earth rotates the field will move westward.

With the Moon moving in the equatorial plane there will, for each location on the
Earth, be high water when the Moon passes the meridian and another equally high
water about 12.4 hours later when the Moon is on the opposite side of the Earth.
Hence, the expression (8) explains nicely the semi-diurnal variation of sea level. When
the Moon has a northern or southern declination there will be an asymmetry between
two consecutive high waters. Therefore equation (8) also explains the diurnal equality
i.e. the difference in sea level rise between two consecutive high water. The surface
displacement given by eq. (8) is called the equilibrium tide and in absence of continent
it is thought to follow the Moon when the Earth rotates. It corresponds to the idealized
situation where the water masses adjust instantaneous to the motion of the Moon and
the rotation of the Earth.

Table 1 Astronomical constants.

Mass of the Earth: me 5.974·1024 kg
Mass of the Sun: ms 1.991·1030 kg
Mass of the Moon: ml 7.347·1022 kg
Mean distance Earth-Moon R 3.844·10 5 km
Mean distance Earth-Sun R 1.496·10 8 km
Radius of the Earth r 6.370·10 3 km

The equilibrium tide is often used as a potential for the tide generating force. The
strength of the horizontal component of the tidal acceleration (7) and the equilibrium
tide (8) will vary with the position of the Moon and its distance from the Earth.
Maximum tidal acceleration will occur when the Moon is closest to the Earth (perigee)

8

The mismatch between  between 
large-scale forcing and the small scale 

of distant-past modes  controls the 
ocean’s effect on tidal friction.

~n
ow

the past



End of the lunar-orbit aside
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1. INTRODUCTION 

The overall aim of this chapter is to present briefly, but in as much 
depth as possible, the essence of three interrelated issues: tidal energetics, 
modeling of paleotides, and the Earth-Moon tidal evolution. We also try 
to treat the progress that has been achieved in these areas after publica- 
tion of the classic book “The Rotation of the Earth” by W. H. Munk and 
G. J. F. MacDonald (1960) bearing the subtitle “A Geophysical Discussion”; 
and to emphasize the transient nature of many of the answers given. The 
letter circumstance is stressed to encourage the reader to take part in the 
ongoing efforts in this area. 

The question of how tidal friction affects the - evolution of the 
Earth-Moon system has a long history. It dates back to 1695, when Halley 
noted an apparent unexplained discrepancy between ancient and actual 
eclipse timings. A conclusion in terms of lunar acceleration caused by the 
transfer of angular momentum from the Earth into the lunar orbit was 
offered by Dunthorne (1749). Further milestones have been 

Kant’s 1754 discourse concerning a decelerating effect of ocean tides 
on the Earth’s rotation. 

Mayer’s (1848) qualitative considerations on the impact of two slightly 
retarded tidal bulges on the Earth, i.e., the action of a net torque 
transfering angular momentum from the Earth’s rotation to the 
lunar orbit. 

A series of papers by Danvin (1879, 1880a, b) presenting the first 
quantitative theory of the tidal evolution of the Earth-Moon sys- 
tem. On the basis of this theory, Darwin showed that tidal friction 
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Summary. A model of the tides in a hemispherical ocean is used to investigate 
the effect of changes in the Earth’s rotation rate on the power dissipated by 
the ocean tides. The results obtained are thenused in an idealized astronomical 
model to investigate how they affect the history of the Earth-Moon system. 

Using the tidal model it is found that at rotation rates higher than that of 
the present Earth, the power dissipated by the semi-diurnal tides in the ocean 
drops off rapidly as a result of the increased tidal frequency. Thus if the 
Earth’s rotation rate is doubled from its present value, then the rate of energy 
dissipation in the ocean is reduced to approximately one-third of its present 
value and the tidal torque is reduced by a factor of about 6. 

The present value for secular acceleration of the Moon, calculated from 
the results of the tidal model is -30.5 arcsec century-’. Using this value in 
the astronomical model, which has the Moon and Sun in circular orbits above 
the equator, and assuming that the tidal torque is independent of the tidal 
frequency, the Gerstenkorn event is predicted to have occurred 1.3 x 109yr 
ago. 

When the astronomical model is run with a torque determined at all times 
from the tidal model, the reduction in the energy dissipated early in the 
history of the system, leads to a Gerstenkorn date of 5.3 x 109yr ago. 
However, dissipation within the solid earth is found to be important early in 
the history of the system and when this effect is.included it gives a date for 
the Gerstenkorn event of 3.9 x 1 09yr ago. 

1 Introduction 

Measurements of the secular acceleration of the Moon in its orbit have been used by a 
number of authors to obtain constraints on how the Earth-Moon system was formed and 
evolved (Darwin 1880; Gerstenkorn 1955, 1967, 1969; Slichter 1963; MacDonald 1964; 
Sorokin 1966; Ruskol 1966; Goldreich 1966; Turcotte, Cisne & Nordmann 1977; Lambeck 
1978; Singer 1968). Lambeck (1977) has recently reviewed much of the field. Other useful 
reviews are found in Brosche & Sundermann (1978) and Rosenberg & Runcorn (1975). 
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Secular Effects of Oceanic Tidal Dissipation on the Moon's 
Orbit and the Earth's Rotation 

KIRK S. HANSEN 1 

Department of Geophysical Sciences, The University of Chicago, Chicago, Illinois 60637 

The earth and moon are considered as a two-body system in gravitational isolation from the sun and 
other planets. The lunar orbit is taken as circular, and the solid earth is assumed to be a rigid sphere 
(with no tidal deformation) so that there are no precessional torques other than those arising from the 
tidally deformed ocean. Numerical solutions to Laplace's tidal equations, with dissipation by linear 
bottom friction, are used to obtain ocean-wide distributions of tidal amplitude for two idealized 
continentalities: a single circular continent (spherical cap) centered at the north pole, and a single 
spherical cap centered on the equator. Calculations are made for two different values of the frictional 
resistance coetficient, thus giving rise to four sets of solutions. The computed tidal amplitudes are used 
to calculate the oceanic tidal torque, which in turn is used to integrate the orbital equations backward 
in time for solution of the two-body problem. The Coriolis parameter and the tidal frequencies change 
with time, thus requiring that the tidal equations be solved several times during the course of each 
orbital integration. In this manner, the earth's rotational and the moon's orbital histories are 
determined on a geologic time scale for each of the four models. The calculated position of the lunar 
orbit at 4.5 billion years ago is found to range from 38 to 53 earth radii in the four models and 
corresponds to a sidereal month of 330 to 550 hours. The sidereal day would have been 12 to 18 hours, 
with a relative inclination of 3 ø to 22 ø between the terrestrial and lunar poles. These results are in sharp 
contrast to those from previous studies of the earth-moon system, most of which indicated a Roche 
limit approach of the two bodies roughly 1 to 2 billion years ago and presented therefore a time scale 
dit•culty in theories of lunar origin. This contrast arises mainly from the fact that previous modelers 
avoided solution of Laplace's tidal equations by prescribing a constant frictional phase lag angle 
between the angular position of the moon and the major axis of the second-degree harmonic of the 
tidally deformed surface of the earth. The amount of phase lag was established from the present 
astronomically deduced rate of tidal dissipation, but this precluded dynamic variations in tidal torque 
over geologic time, which are critical for determination of the orbital time scale. The present rate of 
oceanic tidal dissipation is evidently anomalously high because of the near resonance of the oceanic 
response in both frequency and shape to the tidal forcing. For the earth and moon to have evolved to 
their present separation from a distance of less than about 35 earth radii solely on the basis of oceanic 
tidal dissipation would have required the M2 response to have been near resonance for a significant 
portion of geologic history, a rather implausible scenario. The calculations reported here show that, on 
the contrary, frictional coupling between the earth and moon was much weaker than at present 
throughout most of the orbital history, a.nd consequently the moon's closest approach could not have 
been as small as 35 earth radii. Although idealized continentalities were used in these calculations, the 
general conclusion of a weaker frictional coupling in the past is believed to be relatively insensitive to 
the continental configuration. This is because at faster paleorotation, the semidiurnal tidal frequencies 
would be resonant only with smaller-scale normal modes of the ocean rather than with global scale 
modes as at present. The time scale dit•culty heretofore present in models of orbital evolution is 
thereby eliminated. It should be noted that the orbital history developed here supports the theory of 
binary planetary accretion for lunar origin as opposed to fission or tidal capture. 
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1. INXaODUCX•ON 

Dissipation of the earth's tidal energy, by either ocean or 
body tides, gives rise to a decelerative torque acting on the 
earth's rotation and an equal but opposite torque tending to 
accelerate the lunar orbit. The expected result is that the 
rotation of the earth is slowing down over geologic time, 
while the earth and moon are moving farther apart from one 
another and their angular speed about the center of mass is 
also decreasing [Darwin, 1898]. This general pattern of 
evolution is supported by geophysical evidence. Daily 
growth rings of corals and other animals from the fossil 
record indicate a greater number of days per year in the past, 
consistent with a faster paleorotation, and during the brief 
span of historical time, astronomical observations confirm 
that the angular orbital speed has been decreasing. 

457 

There is not much recent work on the 
problem of ocean normal modes,  deep-
time paleo-tides, and Earth-Moon tidal 
dissipation. None of the older work is 

highly cited.

83 citations

36 citations

49 citations
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Abstract. The present rate of tidal dissipation in the Earth- 
Moon system is known to be anomalously high, in the sense 
that the implied age of the lunar orbit is only 1.5 x 109 years, 
though other evidence suggests an age closer to 4x 109 
years. To assess how long the anomalous dissipation has 
persisted, we use published estimates of lunar orbital con- 
figurations derived from (a) fine grained sediments contain- 
ing tidal laminations and (b) numerical ocean models aver- 
aged over varying ocean geometries. The implied histories 
of the lunar semimajor axis are surprisingly consistent over 
the past 109 years. The ocean models imply, on average, re- 
duced dissipation in the past because of a spatial mismatch 
between tidal forcing and oceanic normal modes of higher 
frequencies. Webb's ocean model suggests that the "anoma- 
lous" oceanic dissipation began about 109 years ago and has 
been increasing since then. 

Introduction 

It has long been recognized that the present rate of tidal 
dissipation of energy, and associated transfer of angular mo- 
mentum from the spin of the Earth to the orbit of the Moon 
is anomalously high [Gerstenkorn, 1955; Goldreich, 1966; 
Lainbeck, 1980; Touma and Wisdom, 1994; Munk, 1997]. 
That is, using the present tidal phase lag as a guide, and ex- 
trapolating into the past puts the Moon extremely close to 
the Earth as recently as 1.5 Gyr (Gyr = 109years) ago. An 
important aspect of this problem is to determine how long 
the dissipation rate has been anomalously high. The purpose 
of the present study is to review progress on this question by 
consolidating some recent efforts in space geodesy, geology, 
and ocean modeling. 

Orbital Evolution Model 

The dominant influence on the long-term evolution of the 
Earth-Moon system is tidal exchange of angular momentum 
between the Earth's spin and the Moon's orbit. The agent 
of this exchange is the gravitational torque exerted on non- 
equilibrium tides. As a result of this interaction, angular mo- 
mentum is transferred from the spin of the Earth to the orbit 

This paper is not subject to U.S. copyright. Published in 1999 
by the American Geophysical Union. 

Paper number 1999GL008348. 

of the Moon, while the semimajor axis of the lunar orbit ex- 
hibits a secular growth [Lainbeck, 1980; Burns, 1986] 

where 

da -ll/2 d•' = f a (1) 
k •n 1/2 f = 3• •R51 a (2) 

is a function of the Moon's mass (m), the Earth's mass (M) 
and radius (R), an effective Earth+ocean tidal Love number 
(k) and dissipational quality factor (Q), as well as the com- 
bined gravitational mass of the Earth-Moon system 

,u = G (M + •n). (3) 

If the factor f were a constant (but see below), then the or- 
bital evolution proceeds in such a way that 

where 

A ( t + At ) = A ( t ) + .l•3 f At (4) 

A = a •3/2 (5) ß 

That is, the orbit evolves in such a way that the 13/2 power 
of the orbital size grows linearly in time. Note that this par- 
ticular tidal evolution model implies a finite age for the lunar 
orbit. That is, at an earlier epoch 

7 (6) 
the predicted orbital radius collapses to zeroß 

The present size and rate of change of the lunar orbit are 
well constrained from laser range measurements to corner- 
cubes on the lunar surface, a time series now 30 years long 
[Dickey et al., 1994]. The results are 

a = 3.84402 x 108 m (7) 
da (3.82 4- 0.07) x 10 -2 m yr -I (8) dt 

The rate (8) is consistent with other space-geodetic measure- 
ments--satellite altimetry and satellite perturbation analyses 
[Ray, 1994]--and with occultation measurements [Morrison 
and Ward, 1975]. The orbital evolution scaling parameter f 
thus has a current value of 

f _ a•l/2 d._•a dt 

= (6.294-0.12) x 1045 m •3/2 yr -l 
(9) 
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And what happens to 
the “lost spin energy”?

From
 M

unk & W
unsch (1998)

based on Egbert & R
ay (2000, 2001)

3.14TW becomes 3.7TW when the 
solar tides are included. But there is 

dissipation in the solid Earth, 
leaving 3.5TW for the ocean

shallow ocean deep ocean

There are two dissipative oceanic 
processes acting on the tide: 
(1) the largest is turbulent drag in the 

BBL     70-75%; 
(2)      the more interesting is radiation of    
internal gravity waves  25-30%.



Note: turbulent drag is most effective in 
shallow seas, where tidal velocities are 
large. It is negligible in the open ocean.

Here is Taylor’s 1919 estimate for the Irish Sea: 

Angular momentum conservation

I 9Ω “ ´
m1m2

m1 ` m2

1
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“ 1.3W m ´2 (35)

drag on a surface “ cDρU
2

6

Integration over the area, gives 
0.041TW in the Irish Sea.

“The amount of dissipation found by the 
method just described  is so much larger 
than any previous estimate of tidal friction 
that it is worth while to try and verify it, if 

possible, by some different method.”

Process 1:
turbulent drag



The different method
(modern notation)

The LTEs (no self-attraction and loading).

The time-averaged energy equation is
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3k2GM2

KR
5
C

s6
sin δ cos δ

r ą RC

P2pµq “ 1
2
p3µ2 ´ 1q

KE “
1

2
ˆ 7 ˆ 1020

looomooon

ocean mass

ˆp 0.04
loomoon

RMS tidal velocity

q2 (17)

“ 8.75 ˆ 1017J (18)

T “
8.75 ˆ 1017J

3.7 ˆ 1012W
“ 2.7days
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3
Infer the tidal dissipation by evaluating 

the other two terms using 
observations, or models, of the tide.
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“…the agreement between the two methods 
of estimating the energy dissipation due to 

tidal friction is quite remarkable.”

Forcing is via the “equilibrium tide”

Flux through the 
South Channel is 
the main source.

By this method the dissipation is 1.5W m-2

The previous estimate was 1.3W m-2

Integrate over the  Irish Sea:

and

Flux through the 
North Channel is 

negligible.

Local forcing 
is small and 

negative.
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A modern version of Taylor’s “different method”
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Energy loss in the deep 
ocean is significantly more 
than can be attributed to 

turbulent drag on the bottom.

1TW of 
deep-ocean 
dissipation

“All areas of consistently enhanced dissipation have 
significant bathymetric roughness, generally with 

elongated features such as ridges and island chains 
oriented perpendicular to tidal flows.” 

Empirically mapped tidal dissipation based on assimilative solution 
of the LTE, constrained by satellite measurements of 𝜁.



Egbert & Ray (2000) shows that there 
is 1TW of deep-ocean tidal dissipation.

“Although our results do not explicitly constrain the 
mechanism of open-ocean tidal dissipation, the observed 

spatial pattern  strongly suggests a significant role for 
scattering into internal tides, induced by tidal flow of the 

stratified ocean over rough  topography.” 

Scattering into internal waves, or 
“tidal conversion”, is an important 

source of ocean internal wave 
energy and of tidal friction. There 

are observations….



updated from
 R

ay & M
itchum

 (1997)

The amplitude near Hawaii
of the surface displacement
at the M2 frequency (blue
lines with the 10 cm scale
shown), plotted normal to

the TOPEX/Poseidon track
(smooth gray lines) and

high-passed with a cut-off
scale of approximately

400 km. The large-scale
pattern expected for the

barotropic tide is alternately
reinforced and reduced by

motions with a much
shorter wavelength.

Satellite altimetry maps the 
elevation of the sea surface 
and shows semidiurnal tides 
propagating away from mid-

ocean ridges. The wavelength 
corresponds to mode-one or 

mode-two internal tides.

Process 2:
radiation of IGWs

“A significant fraction of the 
semidiurnal tide  … is phase-locked to 

the astronomical potential  and can 
modulate  the amplitude of the surface 

tide by ~5cm … the internal tide is 
coherent over great distances, with 

waves propagating well over 1000km”
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Fig. 1. Ragged line: M2 tidal amplitudes estimated every 5.75 
km along Topex/Poseidon track 125, from approximately three 
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Fig. 3. Power spectrum of the data in Figure 2. Solid line is 
for M2, dashed line for S2. The peaks occur close to the expected 
wavelengths of first and second baroclinic modes for these semidi- 

years of collinear differenced data, using the response method of urnal tides. 
analysis [Cartwright and Ray, 1990]. (Harmonic analysis yields 
similar results.) Standard errors for all estimates are approximately 
1 cm. Smooth line: M2 tidal amplitudes from the (updated) 0.5 ø 
global model of Schrama and Ray [1994]; another recent Topex 
model (CSR3.0 of R. J. Eanes) gives nearly identical results. The 
bathymetric profile is extracted from a 5-minute public domain 
database (TerrainBase) of global topography. Track location can 
be seen in Figure 5. 

ian tide gauges by Mitchum and Chiswell, we have con- 
centrated on an area of the Pacific Ocean surrounding the 
Hawaiian Island chain and undersea ridge. An additional 
benefit of this area is that the M2 surface tide propagates 
into the region from the north northeast [e.g., Le Provost et 
al., 1994] and impinges upon the ridge roughly perpendic- 
ularly, while Topex/Poseidon ascending tracks transect the 
ridge also nearly perpendicularly, thus providing simplified 
sampling and analysis of generated waves. What follows is 
primarily a descriptive summary of what is found in the al- 
timetry. 

The results of performing tidal analyses of the data along 
Topex track 125 shows clear oscillations in the estimated 
M2 amplitudes (Figure 1; refer to Figure 5 for the loca- 
tion of this track). For reasons that follow, we interpret 
these oscillations to be the small (several cm) surface ef- 
fects of phase-locked internal tides propagating off various 
topographic features, primarily the Hawaiian ridge. The sea 
surface expression of the internal waves alternately add con- 

E 10 

-o 5 

o. 0 
E 

0 

-7000 
10 15 20 25 30 35 

latitude (degrees) 

Fig. 2. High-pass filtered output of the tidal amplitudes of Fig- 
ure 1, along with the corresponding filtered amplitudes of S2 (off- 
set). Filter is of Gaussian type with width 450 km. 

structively or destructively to the sea surface expression of 
the barotropic tide, resulting in the oscillatory amplitudes 
shown. The oscillations are obviously "phase-locked" with 
the astronomical potential by definition of our tidal analysis; 
incoherent waves would average out and remain undetected. 

The S2 tide shows similar features, although it is under- 
standably noisier owing to smaller overall amplitudes. Com- 
parison of high-pass filtered M2 and S2 amplitudes (Figure 
2) shows the largest oscillation occurs at the ridge, with a 
trough slightly to the north of the ridge peak and a large crest 
directly to the south. This identical geometrical relationship 
to the ridge is consistent with both constituent waves being 
generated there; the two wavetrains then drift apart owing 
to the natural dispersion of internal tides and to the likely 
interference from multiple sources. 

Spectral analysis of the M2 and S2 wavetrains of track 125 
(Figure 3) reveals two peaks at approximate wavelengths 
()•,)•2) = (150, 85) 4-10 km for M2, (160, 80) 4- 20 km for S2. 
Assuming that wave propagation occurs parallel to the satel- 
lite groundtracks, these values give quite reasonable agree- 
ment with the theoretically expected wavelengths of the first 
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Fig. 4. Amplitudes (cm) and phase lags (degrees) of the "resid- 
ual" tidal signal along track 125, obtained after high-pass filtering 
both in-phase and quadrature components of the original estimated 
tidal solutions. In general, the phase lags imply wave propagation 
away from the Hawaiian Ridge. Amplitudes south of the ridge are 
very complex, but, as noted in text, there are probably multiple 
sources there. 



Tidal conversion — another lecture 

The barotropic deep-ocean tide sloshes 
stratified water over bottom bumps, 

resulting in IGW radiation. 

These IGWs have tidal frequency 
and are known as the internal tide.  

Internal tides obey the IGW 
dispersion relation.

The linear problem can be solved analytically 
in some detail — particularly with the weak 

topography  approximation (WTA).

Note there is a useful small parameter
(the “excursion parameter”). Both of these lengths are 

much smaller than the scale of the tidal flow.
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satisfies the forced shallow water equations. We obtain
a solution of this system using a Green’s function. For-
tunately this integral representation is only a bridge: the
conversion into mode n, denoted by Cn, can be calcu-
lated without evaluating convolution integrals. This
evaluation gives the main result of this paper: formula
(37). In section 4 we discuss approximations and re-
ductions of (37). In section 5 we calculate the tidal
conversion produced by a one-dimensional ridge in an
ocean with finite depth H. We show that CBell in (5) is
accurate to about 10% provided that

1 l0
a 5 (7)

2 lœ(v / f ) 2 10 0

is greater than about 2. [In (7), l1 is the radius of de-
formation of the first baroclinic mode.] The effect of
finite depth is always to reduce C below the estimate
CBell and, if a is small, the converted energy is concen-
trated into low vertical modes. In section 6 we calculate
conversion rates for both axisymmetric and anisotropic
Gaussian topography. Section 7 is the conclusion that
includes an estimate for the global tidal conversion pro-
duced by seamounts.

2. Formulation

Consider an ocean of nonuniform finite depth with
the surface at z 5 0 so that 2H 1 h(x, y) , z , 0.
Here H is a constant and h(x, y) is the bumpy bottom.
The density is written as

0
21 2 21

r 5 r 1 1 g N (z9) dz9 2 g b , (8)0 E1 2
z

where b(x, y, t) is the buoyancy of the wavy disturbance
and N(z) is the buoyancy frequency.

a. The problem

The problem is to solve

u 2 f y 1 p 5 0, y 1 f u 1 p 5 0,t 0 x t 0 y

2p 5 b, b 1 wN 5 0,z t

u 1 y 1 w 5 0, (9)x y z

with the boundary conditions

w(x, y, 0, t) 5 0, w(x, y, 2H, t) 5 U · =h; (10)

U(t) in the bottom boundary condition is the barotropic
tidal velocity in (1). In addition to the bottom boundary
condition, there is a radiation condition that as | x | →
6` there is only outward going energy. We will be more
specific about implementing this later.

b. Energetics

The energy conservation equation is
E 1 = ·J 5 0,t (11)

where the density E and flux J are
1

2 2 22 2E [ r (u 1 y 1 N b ), J 5 r p(u, y , w). (12)0 02
The object of our desire is the conversion rate

2C[ r ^p U&= · h d x, (13)0 E B

where pB [ p(x, y, 2H, t) is the bottom pressure and
angle brackets denote a phase average.

c. Three approximations

Three approximations have been made to obtain the
tractable linear problem in (9) and (10). First, because
v0/N K 1, we use the hydrostatic approximation. Sec-
ond, we assume that the tidal excursion distance, U0/
v0, is much less than the horizontal scale of the topog-
raphy l:

U /(v l) K 1.0 0 (14)
Inequality (14) ensures that the problem is linear and
that the advective effects of the barotropic tide are neg-
ligible; that is, terms such as Ubx are much smaller than
bt. Bell (1975a) does not make this approximation and
this is why Bell’s calculation contains all harmonics of
the tide such as 62v0 and so on. The simplifying as-
sumption in (14) is realistic. For instance, with a deep
tidal velocity U0 5 4 cm s21, the excursion of the M2
tide is only 280 m, which is small relative to nearly all
topographic features of interest.
The third and most problematic approximation in (9)

and (10) is that the topography is weak: this means that
the bottom boundary condition is applied at the flat
surface z 5 2H rather than at the actual position of the
bottom boundary z 5 2H 1 h. This weak topography
approximation is justified provided that

amplitude of the topography
K 1 (15)

vertical scale of the waves
and that topographic slopes are much less than the slope
of a tidal beam. These weak-topography approximations
can fail for realistic topographic features. For instance,
suppose that k21

5 l 5 10 km, v0 5 2 f 0, and N 5

20 f 0. Using the internal wave dispersion relation
2 2œv 2 f0 0

21 21m 5 k , (16)
N

we estimate that the vertical scale of the internal tide,
m21, is 870 m. Bathymetric excursions of this size can
occur over distances of 10 km so the parameter in (15)
could be of order unity.

Tides

W.R. Young ∗

July 20, 2017

1 Tidal potential

U “ U0 cosωM2t

UKprq “ ´
GMKR

2
C

d3
P2 pr̂ ¨ eKq (1)

“ ´gζe P2 pr̂ ¨ eKq (2)

z “ ´H ´ hpx, yq

wpx, y,´H`h, tq “ U ¨ ∇h

∗Scripps Institution of Oceanography, University of California at San Diego, La Jolla, CA 92093–0230,
USA.
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Tides

W.R. Young ∗

July 20, 2017

1 Tidal potential

U “ U0 cosωM2t

UKprq “ ´
GMKR

2
C

d3
P2 pr̂ ¨ eKq (1)

“ ´gζe P2 pr̂ ¨ eKq (2)

z “ ´H ´ hpx, yq

wpx, y,´H`h, tq “ U ¨ ∇h

ℓex “
U0

ωM2

(3)

“
0.05m s´1

1.41 ˆ 10´4s´1
(4)

“ 35.5m ! ℓtopo (5)

∗Scripps Institution of Oceanography, University of California at San Diego, La Jolla, CA 92093–0230,
USA.
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Stay tuned for 
Maintenance of Abyssal Stratification

2.1TW

From
 M

unk & W
unsch (1998)

Energetics of Tidal and w
ind m

ixing.



THE END?


